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ABSTRACT: It is known that large class of classical string solutions in the type IIB AdS5 x
S5 background is related to the Neumann and Neumann-Rosochatius integrable systems,
including spiky strings and giant magnons. It is also interesting if these integrable systems
can be associated with some membrane configurations in M-theory. We show here that
this is indeed the case by presenting explicitly several types of membrane embedding in
AdS, x 87 with the searched properties.
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1. Introduction

The AdS/CFT correspondence predicts that the string theory on AdS5 x S® should be dual
to A/ =4 SYM theory in four dimensions [[]-p]. The spectrum of the string states and of
the operators in SYM should be the same. The recent checks of this conjecture beyond the
supergravity approximation are connected to the idea to search for string solutions, which
in the semiclassical limit are related to the anomalous dimensions of certain gauge invariant
operators in the planar limit of SYM [d, ff]. On the field theory side, it was found that the
corresponding dilatation operator is connected to the Hamiltonian of integrable Heisenberg
spin chain [fi]. On the string side, it was established that large set of classical string solutions
follow from embeddings , which reduce the solution of the string equations of motion and
constraints to the study of the Neumann and Neumann-Rosochatius integrable systems in
the presence of conformal gauge constraints [[]—[].

In [ff] it was shown that solitonic solutions of the classical string action on the type IIB
AdS5 x S® background that carry charges of the Cartan subalgebra of the global symmetry
group can be classified in terms of periodic solutions of the Neumann dynamical system [[[(],
which is Liouville integrable [[L]. A particular string solution was also identified, whose
classical energy reproduces ezactly the one-loop anomalous dimension of a certain set of
SYM operators with two independent R-charges.

A general class of rotating closed string solutions in AdSs x S® was shown to be
connected to the Neumann-Rosochatius integrable system [LJ] in [§].

Let us note that the first multi-spin string solutions were found in [[J] and [[i4], where
it was pointed out that the classical energy of the strings admitted a perturbative expansion
in powers of the 't Hooft coupling A\, and therefore could be compared with perturbative
field theory computations. Actually, the very first two-spin string was found in [[J] but its



importance was not understood at that time. Papers []] and [§] generalized these multi-spin
solutions.

The first perturbative field theory computation of anomalous dimensions of long SYM
operators was done in [lf], where the operators dual to strings from [[IJ] and [[l4] were
identified and exact one-loop matching was shown.

It was found in [J that, working in conformal gauge, the spiky strings [[7, [§ and giant
magnons [[9- BY] can be also accommodated by a version of the Neumann-Rosochatius
system. The authors of [E] was able to describe in detail a giant magnon solution with two
additional angular momenta and to show that it can be interpreted as a superposition of
two magnons moving with the same speed. In addition, they considered the spin chain side
and described the corresponding state as that of two bound states in the infinite SU(3)
spin chain. The Bethe ansatz wave function for such bound state was also constructed.

It was also shown recently that magnon-like dispersion relations can arise from M-
theory [, B4]. That is why, it is interesting if the Neumann and Neumann-Rosochatius
integrable systems can be associated with some M2-brane configurations. In this paper,
we prove that this is indeed the case by presenting explicitly several types of membrane
embedding in AdSy x ST with the desired properties.

2. Short review of the string case

Our aim here is to briefly describe part of the results obtained in [[7, §] and [{], concerning
the correspondence between different type of string solutions on AdSs x S° in conformal
gauge with the Neumann and Neumann-Rosochatius like integrable systems. Then we
show how to generalize these results to the case of diagonal worldsheet gauge.

The action for the bosonic part of the classical closed string moving in the AdS5 x S°

background, in conformal gauge, can be written as'

YA
47

I= drdo [ng‘gsﬂ(x)aaxmaax” + G,(,fs)(y)aaypaayq . VA=27RT, (2.1)

where the two metrics are given by
(d‘92)Ads5 = —cosh? pdt? + dp* + sinh? p (d92 + sin? 8d¢? + cos? 9d302) , (2.2)
(dsz)s5 = dn? 4 cos? ydp3 + sin® (d1/12 + cos® Ydp? + sin? wdgo%) . (2.3)

The action (R.1]) can be represented as action for the O(6) x SO(4,2) sigma-model

1= Z—X /deU (LS + LAdS), (2.4)
/s

where
1 o 1
Ls = —§8GXM8 Xm + §A(XMXM — 1),
M=1,...,6 (2:5)
1 1-
Lags = —§nMNaaYM8aYN + 5/\ (nMNYMYN + 1) , (2.6)

M=0,...,5 nun=(-1,1,1,1,1,-1).

'We follow the notation of [ﬂ]



The embedding coordinates Xy, Yas are related to the ones in (2.9), (R.3) as follows
X1 41Xy = sinycoshe’??,
X3 41X, = sin~ysine'??,
X5 +iXg = cosye'#3, (2.7)
Y1 + ¢Ye = sinh psin 96i¢,
Y3 4 iYy = sinh p cos %,
Ys +iYy = cosh pe'. (2.8)

The action (R.4) must be supplemented with the two conformal gauge constraints.
Further on, the following ansatz for the string embedding has been proposed in [f]

Yi,..., Yy =0, Ys 4+ iYy = 7, (2.9)
X1 +iXy = 21(0)e™7, Xz +iXy = x2(0)e™?,  X5+iXs = w3(0)e™?.

It corresponds to string located at the center of AdSs and rotating in S°. Replacing (P.9)
into (R.§), (B.6)), one obtains the string Lagrangian (prime is used for d/do)

3
1
LS+LAdS:—§[Z($/2—wx) + A<Zx —1)
i—1

After changing the overall sign and neglecting the constant term as in [, one arrives at

:%Z o — wia?) + A(Zlm —1> (2.10)

L describes three dimensional harmonic oscillator constrained to remain on a unit two-

sphere. This is particular case of the n-dimensional Neumann dynamical system [L0], which
is Liouville integrable [LT]. In the case under consideration, the only nontrivial Virasoro
constraint implies that the energy H of the Neumann system is given by

3
1 1
H = > (@ +wiaf) = 552. (2.11)
i=1
In order to obtain the relevant closed string solutions, we should impose periodicity
conditions on x;:

1‘2(0') = .%'Z'(O' + 27‘().
Another string embedding is possible, related to Neumann like integrable system [f]]
Y| +iYy = yl(U)eiwlT, Y3 +1iYy = yg(o‘)GinT, Y; +1Yy = yg(a)ei“’?’T. (2.12)

It corresponds to multi-spin strings rotating not in S® but in AdSs instead. Now ¢ = wsT,
so the equality w3 = & holds. The relevant effective mechanical system describing this class
of rotating solutions has the following Lagrangian

~ 1

1- .
L= Smig (Wi — wiviys) + A (ngyay; — 1), myg = diag(=1,=1,1).  (2.13)



Comparing this with the Neumann Lagrangian (R.10), one concludes that (R.13) corre-
sponds to a system, which is similar to the Neumann integrable system, but with indefinite
signature - d;; replaced by 7;;. The relation to the S5 case is through the analytic contin-
uation

T — Y1, To — 11Y2.

The results presented above have been generalized in [ to correspondence between
closed strings in AdSs x S° and the Neumann-Rosochatius integrable system [[J]. This
has been achieved by using more general ansatz for the string embedding. Two such types

of embedding have been given in [§]. The first one is?
Yi,....Y, =0,
Ys 4+ iYy = €7, (2.14)

X1 + iXQ = Tl(U)ei[WlT+al(U)],
X3 +1Xy = rg(a)ei[(w27+a2(0)]
X5 + iXG = Tg(U)ei[ngJra?’(o)].

)

To find the corresponding closed string solutions, one imposes the periodicity conditions
ri(o+2m) =ri(0), «i(oc+27)=qa;+2mm;, m;=0,£1,+2,....

The ansatz (R.14) leads to the following Lagrangian

3
1 1
L=3 ST P il —wi?) - A <Z r? — 1) . (2.15)
i=1 i=1
The equations of motion for the variables a;(o) can be easily integrated once
of = %, v; = constants. (2.16)

(2

Substituting (R.16) back into (R.13), one receives an effective Lagrangian for the three real
3

3 9 3
1 2\ 1
L:§§:<r£2_w§§—i—’2>—§/\<§ r§—1>. (2.17)

i=1

coordinates 7;(o)

When q; are constants, i.e. v; = 0, (2.17) reduces to the Neumann Lagrangian (.1(]). For
non-zero v;, the Lagrangian (R.17) describes the Neumann-Rosochatius integrable system.
The Virasoro constraints take the form

3 1}2
12 2.2 ) _ 2
E <Ti +wi7'i+r_2>—’{,

1=1 g

3
E W;U; = 0.
i=1

*We follow the notation of [E]
3Following [E], we change the signs of the terms ~ /.



As a consequence of the second equality, only two of the three integrals of motion v; are
independent of w;.

The second type of embedding proposed in is for the case when the string rotates
in both AdS5 and S°. It is given by (P.14) for X1,..., X and

Ys + iYy = ro(o)e!lwor )], (2.18)
Y1 + iYQ =TI (U)ei[wlTJrﬁl(U)},
Y3 4+1iY, = rg(a)ei[w”"'ﬁ?(a)}.

To satisfy the closed string periodicity conditions, one needs the following equalities to

hold (k, are integers)
r.(0c+2nr)=r.(0), frlo+2n)=p(0)+2rk., r=0,1,2.

Requiring the time coordinate to be single-valued (considering a universal cover of AdSj),
i.e. ignoring windings in time direction, and also renaming wq to x, one obtains

ko =0, wy=k.

The mechanical system corresponding to the above embedding is described by the sum

of the Lagrangian (P.17) and the following one

= 1
TS /] 2
L= S\ Il — Wprsts —

UrlUs

) - 1]\(nr%rrs +1), 7 =(-1,1,1), (2.19)
I 2
which represents an integrable system too.

For the present case, the equations of motion for r; and ry, following from ()
and (R.19) respectively, decouple. However, in the conformal gauge constraints, the vari-
ables of the two Neumann-Rosochatius systems are mixed. More precisely, the Virasoro

constraints now read

2 2.2 U% 22 2 2.2 ug Zs 2 2 2 v}
/ / /'
I‘O—i_’%ro—i_r_2: (ra+wara+r_;>+ (ri +wiri+r_zg>7
0 a=1 a i=1 i
2 3
Rug = § Wqlg + § W;iVs,
a=1 =1

where

We also require the periodicity conditions

21
us/ Zd_a = 21k,
0 s (U)

to be fulfilled. Then kg = 0 implies ug = 0 as a consequence of the single-valuedness of the

time coordinate ¢.



The authors of [f], inspired by the recent development in string/CFT duality, proposed
new string embedding, which incorporates the spiky strings [[[7, [§] and giant magnons [[Lg]-
BY] on S°. They showed that such string solutions can be also accommodated by a version

of the Neumann-Rosochatius integrable system. The appropriate embedding is given by

Yi,..., Yy =0,
Ys +iYy = €7, (2.20)
X1 +iXy = Tl(g)ei[wwﬂn(f)}’
Xy +iXy = ry(§)elm (@],
X5 +iXg = 7"3(5)6”“’3T+“3(5)},

where
¢ =ao + (1.

This ansatz leads to the Lagrangian [f]

& 2 2\ 12 1 C? o? > 2
LZZ[(@ RGeS i J+A<Zn—1> (2.21)
=1 )

which describes the standard Neumann-Rosochatius integrable system. The corresponding

Hamiltonian is

3 2 2
_ Z - SR S N1
— 062_ﬁ27°i2 OCQ—ﬁZZZ
The Virasoro constraints are satisfied if

Qo —i—ﬁz

H: ﬁz’

3
ZwiCi + ﬂli2 =0.
=1

The periodicity conditions read
ri(€ +2ma) = 1i(§), (€ +2ma) = pi(§) + 2mny,

where n; are integer winding numbers. The second condition implies

C 2T d£

o r?

( ﬁ2) - aﬁwz

Thus the general solution for the ansatz (R.20) can be constructed in terms of the usual
solutions of the Neumann-Rosochatius system. There are five independent integrals of
motion, which reduce the equations of motion to a system of first order differential equations
that can be directly integrated [

All the above results are obtained in conformal gauge. In order to make connection
with the membrane case, we will formulate the problem in the framework of the more



general diagonal worldsheet gauge. In this gauge, the Polyakov action and constraints are

given by
SS:/Q%Qy:/fgi{Gm—@waG@, (2.22)
4\0
Goo + (QAOT)Z G111 =0, (2.23)
Go1 =0, (2.24)
where

Gmn = gMNamXManXNa
[0 = 0/06™,  m=(0,1), (&¢")=(r,0), M=(0,1,...,9)],
is the induced metric and A° is Lagrange multiplier. The usually used conformal gauge
corresponds to 2\°7 = 1.
The general string embedding in AdSs x S° of the type we are interested in can be
written as
Zs = Rry(€™)e=E™) s=1(0,1,2), #7"rrs+1=0, 7" =(-1,1,1),
Wi = Rri(gm)ei*"i(gm), 1= (1, 2, 3), 5ij7ni7aj —1=0. (2.25)

For this embedding, the induced metric takes the form

G = 0O ZrOpy Zs + 0ij0n WilpyW; = (2.26)
2 3
R2 Z N (OprrOprs + r%@mgbrﬁngbs) + Z (Om1iOnri + T?@mgoiangpi)
r,s=0 =1

The expression (£.24) for G,,,, must be replaced into (B-29), (B-23) and (R:24). Correspond-
ingly, the string Lagrangian will be

L=Ls+ AN 1,1 + 1) + Ag(035mir; — 1), (2.27)

where A4 and Ag are Lagrange multipliers.
As an example, let us choose the following ansatz for the string embedding of the

type (2.29)
Zy=Re"T,  Z1=17,=0, W;=Rri(c)e™",
which implies
ro=1, r1=10=0; ¢g=KT, @ =wrT.
Then (R.27) reduces to (prime is used for d/do)

R2 3 3
L= 0 {Z [(2)\OT)27“§2 — w?r?] + HZQ} + Ag (Z r — ) .

i=1 i=1



After changing the overall sign and neglecting the constant term as in [, one obtains

RZ 3 3
L= 0 [(2)\0T)27“§2 — w?r?] + Ag ( 7“22 — 1> ,

i=1 i=1
which in conformal gauge (2\°T = 1) is equivalent to (R.10). The constraint (2.29) gives
the corresponding Hamiltonian

sz 2)\0 27“'2—|—wr}:/-$2.

The other constraint (B.24) is satisfied identically.

In the same way, one can generalize the other previously obtained results [[]-f] to the
case of diagonal worldsheet gauge.

3. Membranes on AdS, x S”

Turning to the membrane case, let us first write down the gauge fixed membrane action
and constraints in diagonal worldvolume gauge, we are going to work with:

Sy = /d3ch _ /d3§{4)\0 [GOO (22°T3)” det Gm} +T20012}, (3.1)

Goo + (2)\0T2)2 det Gij =0,
Gy = 0.

They coincide with the frequently used gauge fixed Polyakov type action and constraints
after the identification 2A\°T, = L = const, where \° is Lagrange multiplier and T3 is the
membrane tension. In (B.1)-(B.3), the fields induced on the membrane worldvolume Gy,
and Cpyo are given by

Gmn = gMNamXManXNa

Corz = cunpOo XM XN X1, (3.4)
Om = 0/0™,
= (0,4) = (0,1,2), (3.5)
(£°,¢",€%) = (r,01,09),
M = (0,1,...,10), (3.6)

where gy n and cpryp are the components of the target space metric and 3-form gauge
field respectively.

Searching for membrane configurations in AdS; x S7, which correspond to the Neu-
mann or Neumann-Rosochatius integrable systems, we should first eliminate the membrane
interaction with the background 3-form field on AdSjy, to ensure more close analogy with



the strings on AdSs x S°. To make our choice, let us write down the background. It can
be parameterized as follows

ds? = (21,R)? (- cosh? pdt? + dp® + sinh? p (da2 + sin? adﬁz) + 4dQ$] ,
c@) = (21,R)? sinh® psin adt A da A d.

Since we want the membrane to have nonzero conserved energy and spin on AdS, the

possible choice, for which the interaction with the c(3) field disappears, is to fix the angle

(14:

o = o = const.
The metric of the corresponding subspace of AdSj is
ds?,, = (21,R)? (= cosh? pdt* + dp® + sinh? psin® agd?) (3.7)
= (2,R)? - cosh? pdt? + dp?® 4 sinh? pd(3sin ao)Z] .

Therefore, the appropriate membrane embedding into (B.7) and S7 is

Z/J = 2lpRr,u(£m)ei¢#(£m)a H = (Oa 1)5 ¢/J = (gbO) gbl) = (t,BSiD CV(]),
nr,r, +1=0, " =(-1,1), (3.8)
W, = 4lpRra(£m)ei‘p“(£m), a=1(1,2,3,4), Ogprary—1=0.

For this embedding, the induced metric is given by

Gmn = n“ya(mzuan) Z_y + 5ab8(mWa8n)Wb (3.9)
1 4
— (2lpR)2 Z n (amrﬂanrl,%-ri@mqﬁuanqﬁ,,) +4 Z (8mra8nra + T?L@m@a@ngpa)
w,v=0 a=1

We will use the expression (B.9) for Gy, in (B1)), (B-3) and (B.J). Correspondingly, the

membrane Lagrangian becomes
L=2Ly+Aa(n"ryr, +1) + As(daprars — 1). (3.10)

3.1 Membranes and the Neumann system

Here, we propose two membrane embeddings in AdS,; x S7 related to the Neumann inte-
grable system.
Let us begin with the following ansatz for the membrane embedding of the type (B.§)

Zo = 2,Re™T,  Z1 =0, W, =4, Rry(r)e™“=, (3.11)
This implies

ro=1, 11=0, ¢o=KT, Yqg=W4i0;.

40f course, we can fix the angle 3 instead of a. Then, in the corresponding subspace of AdSs, o will
be the isometry coordinate associated with the conserved spin. The difference is that 3 is the isometry
coordinate in the initial AdSy space.



Then (B.1() takes the form (over-dot is used for d/dr)

LR)? [\ o jovo > o ,
L= ANO Zra — (8N'Ta,R) Z (warwp2 — waowe1)*rary — (k/2)%]  (3.12)
a=1 a<b=1
4
+Ag (Z 7“2 — 1>
a=1

It is clear that for arbitrary and different values of the winding numbers w,;, the potential
terms in the above Lagrangian are of forth order with respect to r,. As far as we are
interested in obtaining membrane configurations with quadratic effective potential, our
proposal is to make the following choice (a,b,c # 0 are constants)

wiz = w2 = w31 = wy =0,

w3z = twyr = w, (3.13)
r3(7) = asin(br + ¢),
r4(7) = acos(br +¢), a<1. (3.14)

2
—|—AS< 7“2—{—@2—1) .
a=1

(3.15)

This reduces the membrane Lagrangian to

(4,R)? [ &
L=-2 [Z fg—(SAOTglpRaw)z Zw21r2+(ab)2—(/{/2)2

0
4 a=1 a=1

After neglecting the constat terms here, one arrives at

(41,R)?

L =
4\

2
3 [7’“2 — (8\°Tyl,Raw)’ wglrcﬂ + Ag
a=1

22:7”2 - (1- a2)] .
a=1

The Lagrangian L describes two-dimensional harmonic oscillator, constrained to remain
on a circle of radius v/1 — a2. Obviously, this is particular case of the Neumann integrable
system. The constraint (B.g) gives the Hamiltonian corresponding to L

~ Z [7" + ( 8)\ Tsl Raw) w2 r? } (1/2)? — (ab)?,

while the remaining constraints (8.3) are satisfied identically.
The next ansatz for membrane embedding we will consider is

Zo=2L,Re™T,  Zy =0, W,=A4l,Rr.(o;)e™"T, (3.16)

for which (B.10) reduces to

A1, R)? 1
L = —% (8)\0Tglp7?,)2 Z (({917“(1327“5, — ({927“(1817“5, Zwara + /1/2
a<b=1
4
+Ag (Z r — 1) . (3.17)
a=1

,10,



Here we have quadratic potential, but in the general case, the kinetic term is not of the
type we are searching for. To fix the problem, we set
ri =ri(01), r2=r201), w3=Hws=w, (3.18)
r3(og) = asin(boy + ¢), r4(o2) = acos(boy +¢), a<1.

This leads to the Lagrangian (prime is used for d/do)?
2

> g—(1—a2)], (3.19)

a=1

2 2
4,R) > [(8A0T2zp7zab)2 i — wgrﬂ +As

a=1

which is already of the Neumann type. The corresponding Hamiltonian is given by the
constraint (B.2)

H ~ Z [(8)\0Tglp72ab)2 24 wgrg] = (k/2)? = (aw)?.
a=1

The other two constraints (B.J) are satisfied identically.

3.2 Membranes and the Neumann-Rosochatius system

In this subsection, we propose three different membrane embeddings in AdSy x ST of
the type (B.§), which are connected with particular cases of the Neumann-Rosochatius
integrable system.

The first one is

Zo = 2,Re™™,  Z1 =0, W, =4l,Rry(r)elwaicitaal™] (3.20)

It leads to the following membrane Lagrangian

(4L,R)? [ 4
L= - [Z (7;2 + 7"2@3) - (SAOTQZp'R)Q Z (walwbg - wagwbl)Qrgrg — (H/2)2

4\0
a=1 a<b=1
+As <Z r— 1) . (3.21)
a=1
The equations of motion for the variables a,(7) can be easily integrated once and the result
is
Cq
y = —— 3.22
aa(T) 7'3(7') ) ( )

where C, are arbitrary integration constants. Substituting (B.23) back into (B.21), one
receives an effective Lagrangian for the four real coordinates 74(7)°

4 4

(41,R)? o C2 2

L= 4”)\0 E 72— o)~ (8A\Tu1,R) E (Wa1wp — Waowpy )2r2re — (k)2)?
a a<b=1

+Ag (Z o 1) . (3.23)

5 After changing the overall sign and neglecting the constant terms.

a=1

SFollowing [E], we change the signs of the terms ~ &2.

— 11 —



To get potential terms ~ r2 instead of ~ r2rZ, we use once again the choice (B.13). In
addition, we put C3 = Cy = 0. All this reduces the membrane Lagrangian to (after

neglecting the constant terms)

2
(4lpR)2 .2 0 2 9 2 C3
L= 0 ; T — (8)\ TglpRaw) WoiTo — T—g + Ag

> ori-(1- a2)] , (3.24)

which describes Neumann-Rosochatius type integrable system. For C, = 0, (B.24) reduces
to Neumann type Lagrangian. Let us also write down the constraints (B.2), (B.J) for the
present case. Actually, the third constraint Gps = 0 is satisfied identically. The other two
read

2 2
H ~ Z [fg + (8A0T2zp7zaw)2 wiir? + %] = (k/2)% — (ab)?,

a=1 a

2
Z walCa = 0.
a=1

Our proposal for the next type of membrane embedding is

Zo = 2,Re™™,  Zy =0, W, =4l,Rry(o;)e!lwam+alo] (3.25)
for which the Lagrangian (B.10) reduces to
4
(41,R)? 0 2 2
L=— 41;0 (8X°Tu1,R) ;1 (9170021 — Do) (3.26)
+ (01740s0p — Oarad1aw)’1 + (O100aDory — Oa0tqO17p) 1

+ (8104(18204{, — 32aa31ab) 7“27“3]

4
+ Z {(8)\0T2lp7?,)2 (O17q0200g — (927’a(910za) - w 7“ + (/-{/2) }

a=1
4
+Ag (Z r2 — 1) .
a=1
If we restrict ourselves to the case (B.1§) and
a1 =aq(o1), a9 =ag(o1), «as,a4 = constants,

we obtain

(4, R)?

L=—"0

2
(SAOTglpRab ? Z —i—riaf Zwara + (k/2)? (aw)2] . (3.27)
a=1

After integrating the equations of motion for a, once and replacing the solution into (8.27),
one arrives at”

2

(41,R)? 0
AU 37 (8A°Tat,Rab)” 2 —w2r? — (8A°Tyl,Rab)’

2
>t

a=1
(3.28)

C2
;} +Ag

a

a=1

"After changing the corresponding signs and ignoring the constant terms as before.

- 12 —



The above Lagrangian represents particular case of the Neumann-Rosochatius integrable
system. For C, = 0, (B-2§) coincides with (B.19). The constraints (B.9), (B.3) for the case
under consideration are given by

2 2
2 2 C
H~Y [(8)\0T2lp7€ab) 2+ wird + (8A\°Thl, Rab) TT] = (k/2)? — (aw)?,

a=1 a

2
ZwaCa = 0, G(]2 =0.

Our last example of membrane embedding is connected to the spiky strings [[7, [

and giant magnons [[[9] configurations on S°. It reads

Zo = 2,Re™T,  Z1 =0, W, =A4l,Rrq(€,n)eilwarrHal&m] (3.29)
5:a01+/377 77:'70-2"‘57'7
where «, (3, 7, § are constants. For this ansatz, the membrane Lagrangian (B.1(]) takes the

form (0 = 0/0¢, 0, = 9/0n)

(4lpR)2 0 2 - 2
L= o0 (8A"Tal,Rary) Z [(DeraOnrty — Oyradersy) (3.30)
a<b=1

+ (OeraOnpy, — Oyrade i)’y + (OeptaOyry — Oppaders)’r;
+ (aéﬂaanﬂb - 57;/%35/%)27"37“2]

4
+ Z [(8)\0T2lp72a*y)2 (O¢TaOntta — OnTaO¢pta)? — wg] r2 4 (/<;/2)2}
a=1

4
+As (Z r2 — 1> .
a=1
Now, we choose to consider the particular case

r1 = ri(§), Ty =12(§), w3 =Fwy=w,
rg = r3(n) = asin(bn +c¢), rqg=r4(n) =acos(bn+c), a<l,
o= (&), p2=p2(8), s, pa = constants,

and receive (prime is used for d/d¢)

4,R)? [ &
L= _( 4)\0) {Z

a=1

Buwa \? A
(A2 - B2)Tf + (A2 - BQ)Tg <:U’; - A2 ﬂ2> - A2 wgrg

+(k/2)% — a®(W? + b252)} + Ag

dora-(- a2)] 7 (3.31)

where

A% = (8)\0T2lp7?,aboz7)2.
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A single time integration of the equations of motion for y, following from the above La-
grangian gives

1 o
Ly = e < +ﬁwa> . (3.32)

Substituting (B.33) back into (B.31]), one obtains the following effective Lagrangian for the
coordinates 74(£)®
2
dori-(1- a2)] .
a=1

(3.33)

Let us write down the constraints (B.3), (B.3) for the present case. To achieve more close

correspondence with the string on AdSs x S°, we want the third one to be satisfied iden-
tically. To this end, since Gga ~ (ab)?v6, we set § = 0, i.e. n = yo2. Then, the first two
constraints give

1 C? A? A? 2
HNZ[ 62 ,2 2_62T_g+ 62 22 :A +ﬁ [( /2) ( )]

2
> waCa+ B [(5/2)* = (aw)?] = 0.

a=1

The Lagrangian (B.33), in full analogy with the string considerations (see (B-21]) above or
(2.26) of [H]), corresponds to particular case of the n-dimensional Neumann-Rosochatius
integrable system.

3.3 Energy and angular momenta

Here, we will evaluate the explicit expressions for the conserved charges, and will obtain
relations between them, for the five membrane configurations considered above.

The energy F and the angular momenta J, can be computed by using the equalities

oL oL
E=— | 2% — [ @25
/d"am’ Ja /d“a@wa)

Then, for all ansatzes we used, the energy is given by

E = 2%(nl,R)? (3.34)

)\0

For the first embedding (B.11]), J, = 0 for a = 1,2, 3,4, so the only nontrivial conserved
quantity is the membrane energy.

For the second embedding (B.16), one obtains

Ja = 23(sz)2% /dzarg, a=1,234.

8Following [E], we change the overall sign, the signs of the terms ~ C2, and discard the constant terms.
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We will consider the cases a = 1,2 and a = 3,4 separately. According to (B.1§), r12 =
r1,2(01), which leads to

Jo = 7T(4lpR)2% /dalri(al), a=1,2.

Combining these two equalities with (B.34) and taking into account the constraint

Y - (1-d) =0,

a=1

one arrives at the energy-charge relation

E__ 1 (A b
ko 4(1—a?) \w  wy /)’

As usual, we have linear dependence E(Jy, o) before taking the semiclassical limit. We
comment on this limit in the next section.

Now, let us turn to the case a = 3,4. In accordance with (B.1§), we have

ywa?

2T
J3 = m(4l,R) S / deog sin? (boy + c),
0

ywa?

21
Ja = £ (4,R)* 5 / dog cos®(boy + ¢).
0

By using the periodicity conditions
ro(0;) = ro(o; + 27),

which imply b = +1,+2, ..., one obtains

ywa?

J3 = jIJ4 = (47TlpR) T
In order to reproduce the string case, we can set w = 0, and thus J3 = Jy = 0.
For the third embedding (B.2(]), the angular momenta are given by

2%, a=1,2, Jy3=J,=0.

This leads to the energy-charge relation

E _1/(J n Jo
K - 8 Cl CQ '
For the forth embedding (B-2§), the expressions for the conserved charges and the
relation between them are the same as for the second membrane embedding (B.14).

Finally, for the fifth embedding (8-29), J5 = J4 = 0 for w = 0. The other two angular

momenta are

Jo = 2°(7l,R)

m(4l,R)?

- £ 7 2 2 _
Ja - )\OQ(AZ _ 62) /d§ (Bca +A wara) s a 1,2.
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Rewriting (B.34) as’

_An(L,R)%k
=T [

we obtain the energy-charge relation

2

E Ja
Fiap s

a=1

2
A1) +py e

Wa

4
A2 — 32

a=1

in full analogy with the string case. Namely, for strings on AdSs x S°, the result in
conformal gauge is [{]

1 2 Ca E_ Ja
(o)t

Concluding this section, let us make two remarks.

It may seems that the membrane configurations considered here are chosen randomly.
However, they correspond exactly to all string embeddings in the R x S° subspace of
AdS5 x S° solution of type IIB string theory, which are known to lead the Neumann and
Neumann-Rosochatius dynamical systems [fj—H].

Let us also note that our starting ansatz is a particular case of (2.9) in [[(].

4. Concluding remarks

We have found here several types of membrane embedding into the AdSy x S7 background,
which are related to the Neumann and Neumann-Rosochatius integrable systems, thus
reproducing from M-theory viewpoint part of the results established for strings on AdS5 x
S®. In particular, our Lagrangian (B-33), being completely analogous to the one given in
(2.26) of [[], should lead to the same energy-charge relation for the giant magnon solution
with two angular momenta (see also [R7, B4]). Moreover, the single spike solutions of [{]
can be reproduced also from membranes on AdSy x S” [i2). In addition, one can consider
the correspondence between the Neumann and Neumann-Rosochatius integrable systems
arising from membranes and the continuous limit of integrable spin chains at the level of
actions, as is done in [id].

Besides, it is interesting to clarify the relationship with the constant radii solutions
for membranes on AdSy x S7 found in [AQ). It turns out that part of them are particular

solutions of a Neumann-Rosochatius system. Let us explain this in more detail. Consider
the membrane embedding (B.20), which in view of (B.29), reduces the Lagrangian (B.21)
to (B.23). By choosing

w12 = w9y = w31 =wy1 =0

9For the limits of the integrals over ¢ see [E]
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as in (B.13), one obtains

4
2.2 9 2 9 2 2y, 2 2 2 9
E (Wa1wp2 — waawp1 ) Tamy = (W1TT + w3173)(W3aT3 + WiaTy)-
a<b=1

For 734 = constants, C3 = Cy = 0, this leads to a Neumann-Rosochatius Lagrangian of
the type (B29)

41, R)? , 2 C? 2
L = ( 417)\0) Z |:r2 — (8)\0T2lpr7») wglrg — —;:| + AS ZT?L — (1 — rg — TZ) ,
a=1 Ta a=1
where
wz = w§2r§ + wiyﬁ.

Now, let us impose the conditions
q(T) = WaoT,  wWao = constants,

as is the case in [[{J). These are compatible with (B.29) for r, = constants only, i.e. for
the constant radii solutions of [[if]], when the equations of motion and constraints reduce
to relations between the free parameters of the membrane embedding. Therefore, the
membrane solutions described in section 4 of [iJ are solutions of a Neumann-Rosochatius
system for particular choice of the parameters w,; and C,. For w,; - arbitrary, they are
solutions of a more general system, given by the Lagrangian (B.23).

According to AdS-CFT correspondence, strings on AdSs x S° and membranes on
AdSy x S7 are dual to different gauge theories. Hence, one is tempting to conjecture that
there should exist common integrable sectors on the field theory side.

We expect that in the framework of our approach, one can find relations between
membranes in AdS; x S* and Neumann and Neumann-Rosochatius like integrable systems
with indefinite signature, analogous to (.13) and (R.19).

On the other hand, we observed that only a small class of membrane configurations

described by the embedding (B.§) are captured by the Neumann and Neumann-Rosochatius
dynamical systems. Actually, these configurations are exceptional, taking into account the
Lagrangians (B.13), (B.17), (B.21), (B.2d) and (B.30). The conclusion is that there exist many
possibilities for discovering, known or new, integrable systems dual to the membranes in
M-theory.
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